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We show that any multi-qudit entanglement witness leads to a non-separability indicator for
quantum optical fields, which involves intensity correlations. We get, e.g., necessary and suffi-
cient conditions for intensity or intensity-rate correlations to reveal polarization entanglement. We
also derive separability conditions for experiments involving multiport interferometers, now feasible
with integrated optics. We show advantages of using intensity rates rather than intensities, e.g., a
mapping of Bell inequalities to ones for optical fields. The results have implication for studies of
non-classicality of “macroscopic” systems of undefined or uncontrollable number of “particles”.
Non-classicality due to entanglement initially was
studied using quantum optical multiphoton interferom-
etry, see e.g., [1]. The experiments were constrained to
defined photon number states, e.g., the two-photon po-
larization singlet [2]. This includes Greenberger-Horne-
Zeilinger (GHZ) [3] inspired multiphoton interference,
with an interpretation that each detection event signals
one photon. Spurious events of higher photon num-
ber counts contributed to a lower interferometric con-
trast. Still, states of undefined photon numbers, e.g., the
squeezed vacuum, can be entangled [4–6].
This form of entanglement of quantum optical fields
served e.g., to show that a strongly pumped two-mode
(bright) squeezed state allows one to directly refute the
ideas of EPR [7], as it approximates their state, and a
form of Bell’s Theorem can be shown for it [4]. The
trick was to use displaced parity observables. Recently it
has been shown that this is also possible for four-mode
bright squeezed vacuum [8], which can be produced via
type II parametric down-conversion, see e.g [5, 6]. In this
case the state approximates a tensor product of two EPR
states, and interestingly can also be thought of as a po-
larization “super-singlet” of undefined photon numbers
[9]. The approach of Ref. [8] used (effectively) intensity
observables, which are less experimentally cumbersome.
With the birth of quantum information science and
technology, entanglement became a resource. We have
an extended literature on detection of entanglement for
systems of finite dimensions, essentially “particles”, see
e.g., [10]. It is well known that not all entangled states
violate Bell inequalities. Still there is theory of entangle-
ment indicators, called usually witnesses, which allow to
detect entanglement, even if a given state for finite di-
mensional systems (essentially, qudits) does not violate
any known Bell inequalities. The case of two-mode en-
tanglement for optical fields was studied in trailblazing
papers of [11, 12], which discussed “two-party continuous
variable systems”, and with a direct quantum optical for-
malism in [13]. The entanglement conditions reached in
the papers did not involve intensity correlations.
An entanglement condition for four-mode fields, which
was borrowing ideas from two spin-1/2 (two-qubit) cor-
relations, involved correlations Stokes operators and was
first discussed in [5]. The resulting indicator was used
to measure efficiency of an “entanglement laser”. The
output of the “laser” was bright four-mode vacuum. We
shall present here the most extensive generalization of
such an approach, i.e., entanglement indicators for opti-
cal fields which are derivatives of multi-qudit entangle-
ment witnesses involving intensity correlations. In Sup-
plementary Material [14] we give examples of entangle-
ment conditions based on such an approach. Some of
them are more tight versions of the entanglement condi-
tions mentioned above.
As a growing part of the experimental effort is now
directed at non-classical features of bright (intensive,
“macroscopic”) beams of light, e.g., [15–21] so the time is
ripe for a comprehensive study of such entanglement con-
ditions. All that may lead to some new schemes in quan-
tum communication and quantum cryptography, perhaps
on the lines of Ref. [9]. The emergence of integrated op-
tics allows now to construct stable multiport interferom-
eters [22–29], and is our motivation of going beyond two
times mode case.
We present a theory of mapping multi-qudit entan-
glement witnesses [10] into entanglement indicators for
quantum optical fields, which employ intensity corre-
lations or correlations of intensity rates. By intensity
rates we mean the ratio of intensity at a given local de-
tector and the sum of intensities at all local detectors
(in some case the second approach leads to better en-
tanglement detection). The method may find applica-
tions also in studies of non-classicality of correlations
in “macroscopic” many-body quantum systems of un-
defined or uncontrollable number of constituents, e.g.,
Bose-Einstein condensates [30], other specific states of
cold atoms [31, 32].
The essential ideas are presented for polarization mea-
surements by two observers and the most simple model
of intensity observable: photon-number in the observed
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FIG. 1. The experiments (two parties). Two multi-mode
beams propagate to two spatially separated measurement
stations. Each station consists of a d input d output tun-
able multi-port beamsplitter-interferometer (MPBS) and de-
tectors at its outputs. For polarization measurements put
dA = dB = 2, and treat the paths as polarization modes.
mode. Next, we present further generalization of our
approach, and examples employing specific indicators in-
volving intensity correlations for unbiased multiport in-
terferometers. We discuss generalizations to multi-party
entanglement indicators. We show that the use of rates
leads to a modification of quantum optical Glauber cor-
relation functions, which gives a new tool for studying
non-classicality, and that it also gives a general method
of mapping standard Bell inequalities into ones for opti-
cal fields.
We discuss spatially separated stations, X = A,B, ...
with (passive) interferometers of dX input and output
ports, FIG. 1. In each output there is a detector which
measures intensity. One can assume either a pulsed
source, sources acting synchronously [33, 34] or that the
measurement is performed within a short time gate. Each
time gate, or pulsed emission, is treated as a repetition
of the experiment building up averages of observables.
Stokes parameters.—For the description of polariza-
tion of light, the standard approach uses Stokes param-
eters. Using the photon numbers they read 〈Θˆj〉 =
〈aˆ†j aˆj − aˆ†j⊥ aˆj⊥〉, where j, j⊥ denote a pair of orthogonal
polarizations of one of three mutually unbiased polariza-
tion bases j = 1, 2, 3, e.g., {H,V }, {45◦,−45◦}, {R,L}.
The zeroth parameter 〈Θˆ0〉 is the total intensity: 〈Nˆ〉 =
〈aˆ†j aˆj + aˆ†j⊥ aˆj⊥〉. Alternative normalized Stokes observ-
ables were studied by some of us [35–37]. They were
first intorduced in [38], however a different technical ap-
proach was used. Following [35] one can put 〈Sˆj〉 =
〈Πˆ (aˆ
†
j aˆj−aˆ†j⊥ aˆj⊥ )
Nˆ
Πˆ〉, and 〈Sˆ0〉 = 〈Πˆ〉, where Πˆ = 1−|Ω〉〈Ω|
and |Ω〉 is the vacuum state for the considered modes,
aˆj |Ω〉 = aˆj⊥ |Ω〉 = 0. Operationally, in the r-th run of an
experiment, we register photon numbers in the two exits
of a polarization analyzer, nrj and n
r
j⊥ , and divide their
difference by their sum. If nrj + n
r
j⊥ = 0 , the value is
put as zero. This does not require any additional mea-
surements, only the data are differently processed than in
the standard approach. In [35–37] examples of two-party
entanglement conditions and Bell inequalities using nor-
malized Stokes operators were given. Here we present a
general approach.
Map from two-qubit entanglement witnesses to
entanglement indicators for fields involving Stokes
parameters.—Pauli operators ~σ = (σˆ1, σˆ2, σˆ3) and σˆ0 = 1
form a basis in the real space of one-qubit observables.
Thus, any two-qubit entanglement witness, Wˆ , has the
following expansion: Wˆ =
∑
µ,ν wµν σˆ
A
µ ⊗ σˆBν , where
µ, ν = 0, 1, 2, 3 and wµν are real coefficients. We have
〈Wˆ 〉sep ≥ 0, where 〈·〉sep denotes an average for a separa-
ble state. We will show that with each witness Wˆ one can
associate entanglement indicators for polarization mea-
surements involving correlations of Stokes observables for
quantum optical fields. The maps are σˆAµ ⊗ σˆBν → SˆAµ SˆBν
and σˆAµ ⊗ σˆBν → ΘˆAµ ΘˆBν , and they link Wˆ with its
quantum optical analogues WˆS =
∑
µ,ν wµν Sˆ
A
µ Sˆ
B
ν , and
WˆΘ =
∑
µ,ν wµνΘˆ
A
µ Θˆ
B
ν , which fulfill 〈WˆS〉sep ≥ 0 and
〈WˆΘ〉sep ≥ 0. The proof goes as follows.
Normalized Stokes operators case.—It is enough to
prove that for any mixed state % one can find a 4 × 4
density matrix RˆAB% for a pair of qubits, such that:
〈WˆS〉%
〈ΠˆAΠˆB〉%
= Tr Wˆ RˆAB% . (1)
First, we show that (1) holds for any pure state
∣∣ψAB〉.
Let us denote the polarization basis H and V as
xˆH = xˆ1 and xˆV = xˆ2. Normalized Stokes operators
in arbitrary direction can be put as ~m · ~SX , where ~m
is an arbitrary unit real vector, or in the matrix form∑
kl Πˆ
X xˆ
†
k(~m·~σ)klxˆl
NˆX
ΠˆX , with xˆ = aˆ or bˆ depending on the
beam X, whereas SˆX0 reads
∑
kl Πˆ
X xˆ
†
kδklxˆl
NˆX
ΠˆX . We intro-
duce a set of states∣∣ΨABkm〉 = aˆk bˆm 1√
NˆANˆB
ΠˆAΠˆB
∣∣ψAB〉 , (2)
where k,m ∈ {1, 2}. This allows us to put
〈
ψAB
∣∣SˆAµ SˆBν ∣∣ψAB〉 = 2∑
k,l=1
2∑
m,n=1
σklµ σ
mn
ν
〈
ΨABkm
∣∣ΨABln 〉
= Tr σˆAµ ⊗ σˆBν RˆABψ , (3)
where the matrix elements of RˆABψ are
〈
ΨABkm
∣∣ΨABln 〉. As
a Gramian matrix, RˆABψ is positive. Except for |ψAB〉
describing vacuum at one or both sides, we have 0 <
Tr RˆABψ = 〈ΠˆAΠˆB〉 ≤ 1. Thus, RˆABψ = RˆABψ /〈ΠˆAΠˆB〉 is
an admissible density matrix of two qubits.
For mixed states %, i.e., convex combinations
of
∣∣ψABλ 〉’s with weights pλ, one gets RˆAB% =∑
λ pλRˆ
AB
λ which is positive definite, and its trace is
3∑
λ pλ Tr Rˆ
AB
λ ≤ 1. Thus after the re-normalization one
gets a proper two-qubit density matrix RˆAB% . As purity
of a field state
∣∣ψABλ 〉 does not warrant that the corre-
sponding RˆABλ is a projector, Rˆ
AB
% does not have to have
the same convex expansion coefficients in terms of pure
two-qubit states, as % in terms of
∣∣ψABλ 〉’s.
For any separable pure state of two optical beams
|ψAB〉prod, defined as F †AF †B |Ω〉, where F †X is a polyno-
mial function of creation operators for beam (modes)
X, and |Ω〉 is the vacuum state of both beams, the
matrix RˆAB factorizes: RˆAB = RˆARˆB . Simply,
prod
〈
ΨABkm
∣∣ΨABln 〉prod factorizes to 〈ΨAk ∣∣ΨAl 〉 〈ΨBm∣∣ΨBn 〉 ,
where
〈
ΨXk
∣∣ΨXl 〉 are elements of matrix RˆX and
|ΨXl 〉 = xˆl 1√
NˆX
ΠˆXF †X |Ω〉. As 〈Ω|FXΠˆXF †X |Ω〉−1RˆX can
be shown to be a qubit density matrix and 〈Wˆ 〉sep ≥ 0,
therefore for pure separable states of the optical beams
〈WˆS〉prod ≥ 0. Obviously, 〈WˆS〉sep ≥ 0 also for all mixed
separable states.
Standard Stokes operators case.— Any standard Stokes
operator can be put as ~m · ~ΘX = ∑kl xˆ†k(~m · ~σ)klxˆl. We
introduce state vectors
∣∣∣ΦABjk 〉 = aˆj bˆk ∣∣ψAB〉. One has〈
ψAB
∣∣ΘˆAµ ΘˆBν ∣∣ψAB〉 = Tr σˆAµ σˆBν PˆAB , (4)
where the matrix PˆAB has entries
〈
ΦABkm
∣∣ΦABln 〉, it is pos-
itive definite, and its trace is 〈NˆANˆB〉. Thus, PˆAB =
PˆAB/〈NˆANˆB〉 is an admissible two-qubit density ma-
trix, and one has 〈WˆΘ〉%/〈NˆANˆB〉% = Tr Wˆ PˆAB% . All
that leads to 〈WˆΘ〉sep ≥ 0. Note that, for a general
state RˆAB% does not have to be equal to Pˆ
AB
% . Still,
RˆAB = PˆAB for states of defined photon numbers in
both beams.
Reverse map.— Any linear separability condition ex-
pressible in terms of correlation functions of normalized
Stokes Parameters reads:
∑
µν ωµν〈SˆAµ SˆBν 〉sep ≥ 0. As
two-photon states, with one at A and the other at B, are
possible field states, thus for any separable such state we
must have
∑
µν ωµν〈SˆAµ SˆBν 〉sep−2−ph ≥ 0. This is alge-
braically equivalent to
∑
µν ωµν〈σˆµ⊗ σˆν〉sep ≥ 0, for any
two-qubit state. We get an entanglement witness. There-
fore, we have an isomorphism. Similar proof applies to
standard Stokes observables.
Examples.—In the Supplemental Material [14], we
show some examples of entanglement indicators which
can be derived with the above method. This includes a
necessary and sufficient conditions for detection of entan-
glement of two optical beams with correlations of Stokes
parameters of the two considered kinds.
Detection losses.— Consider the usual model of losses:
a perfect detector in front of which is a beamsplitter of
transmission amplitude η, with the reflection channel de-
scribing the losses. Then, 〈ΘˆAµ ΘˆBν 〉 scales down as ηAηB
(see Sec. II in the Supplemental Material [14]), where ηX
for X = A,B is the local detection efficiency. We have a
full resistance of entanglement detection, using any WˆΘ,
with respect to such losses. A different character of losses
may lead to threshold efficiencies.
For the normalized Stokes parameters, it is enough
to consider only pure states, because mixed ones, as
convex combinations of such, cannot introduce anything
new in entanglement conditions linear with respect to
the density matrix. Any pure state is a superposition
of Fock states |F 〉 = |nAi , nAi⊥ , nBj , nBj⊥〉, where nXi de-
notes the number of i polarized photons in beam X, and
SˆAµ Sˆ
B
ν are diagonal with respect to the Fock basis related
with them. Thus, the dependence on efficiencies of the
value of an entanglement indicator, in the case of a pure
state, depends on the behavior of its Fock components.
One can show, see Sec. II in the Supplemental Mate-
rial [14], that 〈Fη|SˆAµ SˆBν |Fη〉 = HF 〈F |SˆAµ SˆBν |F 〉, where
|Fη〉 is the state |F 〉 after the above described losses in
both channels, and HF = 〈Fη|SˆA0 SˆB0 |Fη〉, which reads∏
X=A,B [1− (1−ηX)m
X
], where mX is the total number
of photons in channel X, before the losses. Expanding
|F 〉 in terms of Fock states with respect to different polar-
izations than i, i⊥ and j, j⊥, does not change the values
of mX , and thus the formula stays put for any indices.
Again we have a strong resistance of the entanglement in-
dicators with respect to losses. Especially for states with
high photon numbers, the entanglement conditions based
on normalized Stokes parameters, may be more resistant
to losses, because 0 < η < 1 one has η < 1− (1− η)n.
Multi-party case.— Consider three parties, and the
case of indicators of genuine three-beam entanglement.
Any genuine three-qubit entanglement witness Wˆ (3) has
the property that it is positive for pure product three-
qubit states |ξ〉AB,C = |ψ〉AB |φ〉C , for similar ones with
qubits permuted, and for all convex combinations of such
states. With any pure partial product state of the optical
beams, e.g. |Ξ〉AB,C = F †ABF †C |Ω〉, where F †AB is an oper-
ator built of creation operators for beams A and B, etc.,
one can associate, in a similar way as above, a partially
factorizable three-qubit density matrix RˆABψ Rˆ
C
φ . Thus,
the homomorphism works. Generalizations are obvious.
General Theory.—Consider a beam of dA quantum op-
tical modes propagating toward a measuring station A,
and a beam of dB modes toward station B. We associate
with the situation a dA × dB dimensional Hilbert Space,
CdA ⊗CdB , which contains pure states of a pair of qudits
of dimensions dA and dB . For X = A,B, let Vˆ
X
i , with
i = 1, ..., d2X , be an orthonormal, i.e. Tr Vˆ
X
i Vˆ
X
j = δij ,
Hermitian basis of the space of Hermitian operators act-
ing on CdX . Therefore, products Vˆ Ai ⊗ Vˆ Bj form an or-
thonormal basis of the space of Hermitian operators act-
ing on CdA ⊗ CdB . Thus, any entanglement witness for
the pair of qudits, Wˆ , can be expanded into
Wˆ =
d2A∑
j=1
d2B∑
k=1
wjkVˆ
A
j ⊗ Vˆ Bk , (5)
with real wjk. The optimal expansion (with the minimal
4number of terms) is to use a Schmidt basis for Wˆ .
Each Vˆ Xj can be decomposed to a linear combination of
its spectral projections linked with their respective eigen-
bases, |x(j)l 〉, where x = a or b consistently with X and
l = 1, ..., dX . If one fixes a certain pair of bases in CdA
and CdB as “computational ones”, i.e., starting ones, de-
noted as |lx〉, one can always find local unitary matrices
UX(j) such that UX(j)|lx〉 = |x(j)l 〉. The construction
of Reck et al. [39] fixes (phases in) a local multiport in-
terferometer, which performs such a transformation. We
shall call such interferometers UX(j) ones. In the case of
field modes a passive interferometer performs the follow-
ing mode transformation:
∑
k U
X(j)lkxˆ
†
k = xˆ
†
l (j), where
xˆ†l (j) is the photon creation operator in the l-th exit mode
of interferometer UX(j).
A two-party entanglement witness WˆR for optical
fields, which uses correlations of intensity rates behind
pairs of UX(j) interferometers can be constructed as fol-
lows. For the output lx of an interferometer, one de-
fines rate observables as rˆlx = Πˆ
X nˆlx
NˆX
ΠˆX , where NˆX =∑dX
lx=1
nˆlx . The witness Wˆ expanded in terms of the
computational basis:
Wˆ =
dA∑
k,m
dB∑
l,n
wklmn|ka, lb〉〈ma, nb|, (6)
allows us to form an entanglement witness for fields:
WˆR =
∑
k,m
∑
l,n
wklmnΠˆ
AΠˆB
aˆ†k bˆ
†
l aˆmbˆn
NˆANˆB
ΠˆAΠˆB . (7)
For any pure state of the quantum beams |Ψ〉
〈Ψ|WˆR|Ψ〉
〈Ψ|ΠˆAΠˆB |Ψ〉 = Tr Wˆ Rˆ, (8)
where the matrix Rˆ has elements rklmn
rklmn =
1
〈Ψ|ΠˆAΠˆB |Ψ〉 〈Ψ|Πˆ
AΠˆB
aˆ†k bˆ
†
l aˆmbˆn
NˆANˆB
ΠˆAΠˆB |Ψ〉.
(9)
Using a generalization of the earlier derivations one can
show that Rˆ is a two-qudit density matrix, and so on.
The actual measurements, to be correlations of local
ones, should be performed using the sequence of pairs
of UX(j) interferometers, which enter the expansion of
the two-qudit entanglement witness (5). In the entan-
glement indicator the rates at output xl(j) of the given
local interferometer UX(j) are multiplied by the respec-
tive eigenvalue of Vˆ Xj related with the eigenstate |x(j)l 〉.
To get an entanglement witness for intensities WˆI we
take Wˆ and replace the computational basis kets and
bras by suitable creation and annihilation operators:
WˆI =
dA∑
k,m
dB∑
l,n
wklmnaˆ
†
k bˆ
†
l aˆmbˆn. (10)
For any pure state of the quantum beams |Ψ〉 one has
〈Ψ|WˆI |Ψ〉
〈Ψ|NˆANˆB |Ψ〉 = Tr Wˆ Pˆ, where the matrix Pˆ has elements
1
〈Ψ|NˆANˆB |Ψ〉 〈Ψ|aˆ
†
k bˆ
†
l aˆmbˆn|Ψ〉, and has all properties of a
two-qudit density matrix.
Example showing further extension to unitary operator
bases.—Let d be a power of a prime number. Consider
dA = dB = d beams experiment (see Fig. 1), with families
of UX(m) interferometers which link the computational
basis of a qudit with an unbiased basis m, belonging to
the full set of d + 1 mutually unbiased ones [40, 41].
We introduce a set of unitary observables for a qudit:
qˆk(m) =
∑d
j=1 ω
jk|j(m)〉〈j(m)|, with |j(m)〉 = U(m)|j〉
and it is the j-th member of m-th mutually unbiased
basis, and ω = exp(2pii/d). Operators qˆk(m)/
√
d with
k = 1, ..., d−1 and m = 0, ..., d and qˆ0(0)/
√
d form an or-
thonormal basis in the Hilbert-Schmidt space of all d×d
matrices (see Sec. III in the Supplemental Material [14]).
Thus, we can expand any qudit density matrix as
% =
1√
d
[
c0,0qˆ0(0) +
d∑
m=0
d−1∑
k=1
cm,kqˆk(m)
]
, (11)
where cm,k = Tr qˆ
†
k(m)%/
√
d, and c0,0 = 1/
√
d. As the
basis observables are unitary the expansion coefficients of
an entanglement witness operator in terms of such tensor
products of such bases are in general complex. This is
no problem for theory, but renders useless a direct appli-
cation in experiments, as one cannot expect the experi-
mental averages to be real, and thus one has to introduce
modifications. Below we present one.
The condition Tr %2 ≤ 1 can be put as
1
d
+
1
d
d∑
m=0
d−1∑
k=1
|Tr %qˆk(m)|2 ≤ 1. (12)
Thus, applying Cauchy-Schwartz estimate, we get imme-
diately a separability condition for two qudits:
d∑
m=0
d−1∑
k=1
∣∣∣Tr %ABsep qˆAk (m)qˆB†k (m)∣∣∣ ≤ (d− 1). (13)
Our general method defines a Cauchy-Schwartz-like sep-
arability condition homomorphic with (13) as
d∑
m=0
d−1∑
k=1
|〈QˆAk (m)QˆB†k (m)〉sep| ≤ (d− 1)〈ΠˆAΠˆB〉sep,
(14)
where
QˆXk (m) =
d∑
j=1
ΠˆX
ωjknˆXj (m)
NˆX
ΠˆX . (15)
Here nˆXj (m) = xˆ
†
j(m)xˆj(m) is a photon number opera-
tor for output mode j of a multiport m, at station X.
For generalized observables based on intensity, one can
5introduce χˆk(m) =
∑d
j=1 ω
jknˆj(m) to get the following
separability condition:
d∑
m=0
d−1∑
k=1
|〈χˆAk (m)χˆB†k (m)〉sep| ≤ (d− 1)〈NˆANˆB〉sep.
(16)
Supplemental Material presents other examples [14].
Implications for optical coherence theory.—The ap-
proach can be generalized further. Let us take as an
example Glauber’s correlation functions for optical fields,
say G(4) in the form of 〈IˆA(~x, t)IˆB(~x′, t′)〉, where the
intensity operator has the usual form of IX(~x, t) =
Fˆ †X(~x, t)FˆX(~x, t), with normal ordering requiring that op-
erator FˆX(~x, t) is built out of local annihilation operators.
The idea of normalized Stokes operators suggests the
following alternative correlation function Γ4(~x, t; ~x′, t′)
given by
〈ΠAΠB IˆA(~x, t)IˆB(~x
′, t′)∫
a(A)
dσ(~x)IˆA(~x, t)
∫
a(B)
dσ(~x′)IˆB(~x′, t′)
ΠAΠB〉,
(17)
where a(X) denotes the overall aperture of the
detectors in location X. Obviously one has∫
a(A)
dσ(~x)
∫
a(B)
dσ(~x′)Γ4(~x, t; ~x′, t′) = 〈ΠAΠB〉, and for
fixed t and t′ one can define
%(~x, ~y, ~x′~y′)t,t′ = 〈ΠAΠB〉−1
×〈ΠAΠB Fˆ
†
A(~y, t)FˆA(~x, t)Fˆ
†
B(~y
′, t′)FˆB(~x′, t′)∫
a(A)
dσ(~x)IˆA(~x, t)
∫
a(B)
dσ(~x′)IˆB(~x′, t′)
ΠAΠB〉,
which behaves like a proper two-particle density matrix,
provided one constrains the range of ~x, ~y, ~x′, ~y′ to appro-
priate sets of apertures. As our earlier considerations use
simplified forms of (17), it is evident that such correla-
tion functions may help us to unveil non-classicality in
situations in which the standard ones fail, see e.g. [8].
Bell inequalities.—The above ideas allow one to intro-
duce a general mapping of qudit Bell inequalities to the
ones for optical fields. A two-qudit Bell inequality for a
final number of local measurement settings α and β has
the following form:
∑
αβ
dA∑
i=1
dB∑
j=1
KijαβPij(α, β)
+
dA∑
i=1
∑
α
N iαPi(α) +
dB∑
j=1
∑
β
M jβPj(β) ≤ LR, (18)
where Pij(α, β) denotes the probability of the qudits end-
ing up respectively at detectors i and j, when the local
setting are as indicated, and
∑
j Pij(α, β) = Pi(α) and
Pj(β) =
∑
i Pij(α, β). The coefficient matrices K,N,M
are real, and LR is the maximum value allowed by local
realism. The bound is calculated by putting Pij(α, β) =
Di(α)Dj(β) and Pi(α) = D
i(α), Pj(β) = D
j(β), with
constraints 0 ≤ Di(α/β) ≤ 1, and ∑dA/Bi=1 Di(α/β) = 1.
As for a given run of a quantum optical experiment
local measured photon intensity rates ri(α) and rj(β)
satisfy exactly the same constraints. We can replace
Pij(α, β) → 〈ri(α)rj(β)〉LR, and Pi(α) → 〈ri(α)〉LR,
etc., where 〈.〉LR is an average in the case of local realism.
The bound LR stays put. To get a Bell operator we fur-
ther replace the above by rate observables rˆi(α)rˆj(β), etc.
Thus any (multiparty) Bell inequality, see e.g. [42], can
be useful in quantum optical intensity (rates) correlation
experiments. The presented methods for entanglement
indicators and Bell inequalities allow also to get steering
inequalities for quantum optics.
Conclusions.—We present tools for a construction of
entanglement indicators for optical fields, inspired by the
vast literature [10] on entanglement witnesses for finite
dimensional quantum systems. The indicators would be
handy for more intense light beams in states of unde-
fined photon numbers, especially in the emerging field of
integrated optics multi-spatial mode interferometry (see
Supplemental Material [14] for examples). One may ex-
pect applications in the case of many-body systems, e.g.
for an analysis of non-classicality of correlations in Bose-
Einstein condensates, like in the ones reported in [43].
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SUPPLEMENTAL MATERIAL
We give here several examples, and more details con-
cerning some derivations. All separability conditions are
generalizations or tighter versions of conditions presented
in [5, 17, 35, 44, 45], which were derived using various less
general approaches.
I. NECESSARY AND SUFFICIENT
CONDITIONS FOR INTENSITY AND RATE
CORRELATIONS TO REVEAL
ENTANGLEMENT
Two-qubit states are separable if and only if their par-
tial transposes are positive. Yu et al. derived an equiv-
alent family of conditions for two-qubit states [46] in a
6form of an inequality, which reads
〈σˆA1 σˆB1 + σˆA2 σˆB2 〉2 + 〈σˆA3 σˆB0 + σˆA0 σˆB3 〉2
≤ 〈σˆA0 σˆB0 + σˆA3 σˆB3 〉2, (19)
where σˆXj = ~n
X
j · ~σX for X = A,B, and the unit vec-
tors ~nXj form a right-handed Cartesian basis triad. If a
two-qubit state is entangled, then there exists at least
one pair of such triads for which the inequality is vio-
lated. The conditions can be put in a form of a family of
entanglement witnesses:
W (α) = σˆA0 σˆ
B
0 + σˆ
A
3 σˆ
B
3 + sinα(σˆ
A
1 σˆ
B
1 + σˆ
A
2 σˆ
B
2 )
+ cosα(σˆA3 σˆ
B
0 + σˆ
A
0 σˆ
B
3 ).(20)
Our homomorphisms can be used to get the follow-
ing [36]: for normalized Stokes operators
〈SˆA1 SˆB1 + SˆA2 SˆB2 〉2 + 〈SˆA3 ΠˆB + ΠˆASˆB3 〉2
≤ 〈ΠˆAΠˆB + SˆA3 SˆB3 〉2, (21)
and for standard ones
〈ΘˆA1 ΘˆB1 + ΘˆA2 ΘˆB2 〉2 + 〈ΘˆA3 NˆB + NˆAΘˆB3 〉2
≤ 〈NˆANˆB + ΘˆA3 ΘˆB3 〉2. (22)
The homomorphisms warrant that the violations of con-
ditions (21) and (22) are necessary and sufficient to de-
tect entanglement via measurements of correlations of
the Stokes observables. That is, any other condition is
sub-optimal, including the ones presented in [5], [15] and
[17] for standard Stokes observables.
From the necessary and sufficient condition (21) one
can derive its corollary, which is a necessary condition
for separability:
3∑
j=1
|〈SˆAj SˆBj 〉sep| ≤ 〈ΠˆAΠˆB〉sep. (23)
The condition can be thought as a more tight refinement
of the result in [17]. It can be derived using the fact that
for two qubits any of the observables
∑
k skσ
A
k σ
B
k +σ
A
0 σ
B
0 ,
for arbitrary sk = ±1 is non-negative for separable states.
This can be reached via an application of the Cauchy
inequality for a product pure states of a pair of qubits.
Next we apply the homomorphism. One can also see that
(23) is the separability condition (14) in the main text
for d = 2.
For the standard Stokes operators the associated sep-
arability condition (23) reads
3∑
j=1
|〈ΘˆAj ΘˆBj 〉sep| ≤ 〈NˆANˆB〉sep. (24)
This is a tighter version of the condition given in [17].
For states, which locally lead to vanishing averages of
local Stokes parameters, here 〈SˆAi ΠˆB〉 = 0, etc., (e.g., for
an ideal four-mode bright squeezed vacuum, see below),
the conditions (23) and (21) are equivalent. Thus, in
such a case the Cauchy inequality based condition is nec-
essary and sufficient for detection of entanglement with
normalized Stokes operators. A similar statement can be
produced for the analog condition involving traditional
Stokes parameters Θj , given by (24).
Cauchy-like inequality condition vs. EPR inspired
approach.—Consider four-mode (bright) squeezed vac-
uum represented by
∣∣Ψ−〉 = 1
cosh2 Γ
∞∑
n=0
√
n+ 1 tanhn Γ
∣∣ψn−〉, (25)
where Γ describes a gain which is proportional to the
pump power, and
∣∣ψn−〉 reads
∣∣ψn−〉 = 1
n!
√
n+ 1
(
aˆ†i bˆ
†
i⊥ − aˆ†i⊥b†i
)n
|Ω〉 , (26)
where |Ω〉 is the vacuum state.
Perfect EPR-type anti-correlations of which are the
main trait of the state allow one to formulate the
following appealing separability condition (Simon and
Bouwmeester, [5]):
3∑
j=1
〈(ΘˆAj + ΘˆBj )2〉sep ≥ 2(〈NˆA〉+ 〈NˆB〉)sep. (27)
Note, that for |Ψ−〉 and each |ψn−〉 the left-hand side
(LHS) of the above is vanishing.
The underlying inequality beyond the condition (27)
can be extracted with the use of well-known operator
identity (see e.g. [47]):
3∑
j=1
Θˆ2j = Nˆ(Nˆ + 2). (28)
Using this the (27) boils down to
−
3∑
j=1
〈ΘˆAj ΘˆBj 〉sep ≤
1
2
〈Nˆ2A〉sep +
1
2
〈Nˆ2B〉sep, (29)
which by the way can be generalized to
2
∑3
j=1 |〈ΘˆAj ΘˆBj 〉sep| ≤ 〈Nˆ2A〉sep + 〈Nˆ2B〉sep.
Simon-Bouwmeester EPR-like condition (27), or equiv-
alently (29), cannot be considered as an entanglement in-
dicator for fields WˆΘ homomorphic in the way proposed
here, with a two-qubit (linear) entanglement witness Wˆ .
Detection of entanglement with (27) depends on a detec-
tor efficiency. The threshold efficiency for entanglement
detection, in the case of 2 × 2 mode squeezed vacuum
|Ψ−〉 in (25), considered in [5] is given by ηcrit = 1/3.
It does not depend on the gain parameter Γ. Obviously,
as 〈NˆANˆB〉 ≤ 12 〈Nˆ2A〉+ 12 〈Nˆ2B〉, the inequality (29) is not
optimal. A more optimal option is to estimate from be-
low the LHS of (29) using a corollary of the Cauchy-like
7inequality −∑3j=1〈ΘˆAj ΘˆBj 〉 ≤ 〈NˆANˆB〉, which is tighter
than (29). By combining (24) with (28) we get
3∑
j=1
〈(ΘˆAj + ΘˆBj )2〉sep
≥ 2(〈NˆA〉+ 〈NˆB〉)sep + 〈(NˆA − NˆB)2〉sep.
(30)
The new EPR-like necessary condition for separability
differs from the one of Simon and Bouwmeester by the
second term on the RHS of (30). As the term is always
non-negative, this is a stronger condition. For the stan-
dard quantum optical model of inefficient detection (see
the main text, or Sec. II) the new condition holds for any
efficiency. Note, that (28) does not contribute anything
to the relation (30), because it is an operator identity.
That is, the condition (30) reduces to (24).
For normalized Stokes parameters the EPR-like sepa-
rability condition, which is an analog of (27), reads
3∑
j=1
〈(
SˆAj + Sˆ
B
j
)2〉
sep
≥
〈
ΠˆA
2
NˆA
ΠˆA + ΠˆB
2
NˆB
ΠˆB
〉
sep
.
(31)
For a derivation, see [35] (and see also [44, 45] for its gen-
eralizations to d modes). Entanglement detection with
(31) also depends on the detector efficiency, but for the
considered bright squeezed vacuum state the threshold
efficiency ηcrit decreases with growing Γ. The ηcrit is
lower than 1/3 for any finite Γ.
If one uses the Cauchy-like inequality (23) and the
identity
∑3
i=1 Sˆ
2
i = Πˆ + Πˆ
2
Nˆ
Πˆ (see [35]), then the fol-
lowing tighter EPR-like separability condition emerges
3∑
j=1
〈(
SˆAj + Sˆ
B
j
)2〉
sep
≥ 〈ΠˆA 2
NˆA
ΠˆA〉sep
+〈ΠˆB 2
NˆB
ΠˆB〉sep + 〈(ΠˆA − ΠˆB)2〉sep. (32)
It is equivalent with the much simpler linear condition
(23). The condition presented here has much more resis-
tant to losses that the one derived in [35], and generalized
in [45], here formula (31).
II. RESISTANCE WITH RESPECT TO LOSSES
Here we derive the dependence on a detector efficiency
of average values of entanglement indicators for optical
fields WˆΘ and WˆS . Our reasoning can be extended to an
arbitrary number of quantum optical modes and multi-
party cases.
The loss model (an ideal detector and a beamsplitter of
transmission amplitude
√
η in front of it) is described by
a beamsplitter transformation for the creation operators,
see e.g. [47], which reads
aˆ†j(η) =
√
ηaˆ†j +
√
1− ηcˆ†j , (33)
where aˆ†j refers to the detection channel in j-th mode and
cˆ†j refers to the loss channel linked with the mode.
First, we shall analyze the problem for standard Stokes
operators. Let
∣∣ψAB〉 be a pure state of the modes, be-
fore the photon losses. The unitary transformation Uˆ(η)
describing losses in all channels leads to Uˆ(η)|ψAB〉 =
|ψAB(η)〉, and we have〈
ψAB(η)
∣∣WˆΘ∣∣ψAB(η)〉 = 〈ψAB∣∣WˆΘ(η)∣∣ψAB〉 , (34)
where WˆΘ(η) = Uˆ†(η)WˆΘUˆ(η). A transformed photon
number operator nˆj(η) = aˆ
†
j(η)aˆj(η) reads
nˆj(η) = (
√
ηaˆ†j +
√
1− ηcˆ†j)(
√
ηaˆj +
√
1− ηcˆj)
= ηnˆj +
√
η(1− η)(cˆ†j aˆj + aˆ†j cˆj) + (1− η)cˆ†j cˆj .
(35)
Notice that as the original state
∣∣ψAB〉 does not
contain photons in the loss channels, thus in〈
ψAB
∣∣nˆAi (ηA)nˆBj (ηB)∣∣ψAB〉 only the first term of the
second line of (35) survives. For the transmission am-
plitudes ηA and ηB of beams A and B, we have〈
ψAB
∣∣nˆAi (ηA)nˆBj (ηB)∣∣ψAB〉 = ηAηB 〈ψAB∣∣nˆAi nˆBj ∣∣ψAB〉 .
(36)
From this we get the dependence of correlations of
Stokes operators on detection efficiency in the form of
〈ΘˆAi (ηA)ΘˆBj (ηB)〉 = ηAηB〈ΘˆAi ΘˆBj 〉.
For normalized Stokes operators, the reasoning is as
follows. For Fock states |F 〉 = |nAi , nAi⊥ ,mBi ,mBi⊥ 〉,
it is enough to consider only the average value of SˆA3 for
state |FA〉 = |nAH ,mAV 〉, which we shall denote for sim-
plicity as |n,m〉. Obviously for such a state the intensity
rate at the detector measuring output H, with the detec-
tion efficiency η for each of the detectors in the station,
reads
r1(η) = 〈(n,m)η|ΠˆA nˆH
nˆH + nˆV
ΠˆA|(n,m)η〉
=
n∑
k=1
m∑
l=0
(
n
k
)(
m
l
)
k
k + l
ηk+l(1− η)n+m−k−l.
First we notice that k
(
n
k
)
= n
(
n−1
k−1
)
, and rewrite the first
summation as from k = 0 to k = n − 1. Next, let us
consider a function f(γ, η) of the form
f(γ, η) = n
n−1∑
k=0
m∑
l=0
(
n− 1
k
)(
m
l
)
1
k + 1 + l
×γk+1+l(1− η)n−1+m−k−l, (37)
which for γ = η gives r1(η). Its derivative with respect
to γ reads
d
dγ
f(γ, η)
= n
n−1∑
k=0
m∑
l=0
(
n− 1
k
)(
m
l
)
γk+l(1− η)n−1+m−k−l
= n(γ + 1− η)n+m−1. (38)
8This upon integration with respect to γ, with the initial
condition f(γ = 0, η) = 0, gives for γ = η the required
result:
r1(η) =
n
n+m
(
1− (1− η)n+m). (39)
It is easy to see that this result has a straightforward
generalization to the case of more than two local detec-
tors (e.g., see Fig. 1 in the main text). To calculate the
dependence on η of the rate at detector i, when we have
altogether d detectors at the station, we simply replace
in the above formulas nˆH by nˆi and nˆV by
∑
j 6=i nˆj , to
get ri(η) =
n
ntot
(1 − (1 − η)ntot), where n is the number
of photons in a Fock state in mode i and ntot is the total
number of photons.
Note that for four-mode bright squeezed vacuum state
(25) our entanglement condition for normalized Stokes
parameters (23) is fully resilient with respect to losses
of the kind described above. This is due to the fact that
squeezed vacuum is a superposition entangled states (26),
and each of them violates the separability criterion. As
the Stokes operators do not change overall photon num-
bers on each of the sides of the experiments which we
consider here, and states
∣∣ψn−〉 contain n photons in both
beams A and B, an inefficient detection in the case of∣∣ψn−〉 introduces the same reduction factor on both sides
of condition (23). The violation of it holds for whatever
value of η. The expectation values for the full squeezed
state are simply weighted sum of expectation values for
its components |ψn−〉. The same can be shown for all
other squeezed states, and linear separability conditions
considered here, including the cases of d > 2.
III. ENTANGLEMENT EXPERIMENTS
INVOLVING MULTIPORT BEAMSPLITTERS:
HOMOMORPHISM OF SINGLE QUDIT
OBSERVABLES AND FIELD OPERATORS
Proof of relation (11) of the main text for qudit
states.—We consider a set of unitary qudit observables
of the following form in the main text
qˆk(m) =
d∑
j=1
ωjk|j(m)〉〈j(m)|, (40)
where k = 0, 1, ..., d − 1 and ω = exp(2pii/d), and
Uˆ(m)|j〉 = |j(m)〉 is a unitary transformation of a com-
putational basis (m = 0) to a vector of a different un-
biased basis m. We assume that the bases m 6= m′ are
all mutually unbiased, and consider only dimensions in
which we have d+ 1 mutually unbiased bases. We show
that the operators qˆk(m)/
√
d with k = 1, ..., d − 1 and
m = 0, ..., d, and qˆ0(0) = 1 form an orthonormal basis in
the Hilbert-Schmidt space of (all) d× d matrices.
The orthonormality of the operators can be established
as follows. We are to prove that
1
d
Tr qˆ†k(m)qˆk′(m
′) = δmm′δkk′ . (41)
• For k′ = 0, this is trivial because all k 6= 0 operators
are traceless (as
∑d
j=1 ω
jk = dδk0).
• For m 6= m′, with k 6= 0 and k′ 6= 0, one has
1
d
∑
l,j,j′
ω−jk+j
′k′〈l(m)|j(m)〉〈j(m)|j′(m′)〉〈j′(m′)|l(m)〉
=
1
d
∑
l,j′
ω−lk+j
′k′〈l(m)|j′(m′)〉〈j′(m′)|l(m)〉
=
1
d2
∑
l,j′
ω−lk+j
′k′ = 0, (42)
where we use the fact that for mutually unbiased
bases |〈j′(m′)|j(m)〉|2 = 1/d.
• For m = m′, in the second line of (42) we have
〈j′(m′)|l(m)〉 = δlj′ , and we get in the last line
1
d
∑
l ω
l(k−k′) = δkk′ .
As we have (d − 1)(d + 1) + 1 = d2 such orthonormal
operators, the basis is complete. QED.
Remarks on the homomorphism.—We shall now show
that for any pure state of a d-mode optical field |ψ〉, one
can always find a d × d one qudit density matrix M for
which the following holds
〈ψ|Qˆk(m)|ψ〉
〈ψ|Πˆ|ψ〉 = Tr qˆk(m)M, (43)
where Qˆk(m) is defined by (15) in the main text. For the
expectation value, which reads
〈ψ| Qˆk(m) |ψ〉 = 〈ψ|
d∑
j=1
Πˆ
a†j(m)aj(m)
Nˆ
Πˆωjk |ψ〉 ,(44)
we introduce a set of states
|φj(m)〉 = aj(m) 1√
Nˆ
Πˆ |ψ〉 , (45)
which for m = 0 gives
|φj(0)〉 = aj 1√
Nˆ
Πˆ |ψ〉 . (46)
Then, one can transform (44) into
〈Qˆk(m)〉 =
d∑
j=1
〈φj(m)|φj(m)〉ωjk. (47)
As it was mentioned in the main text, the unitary
transformation of the creation operators between input
and output beams is aˆ†l (m) =
∑
r Ulr(m)aˆ
†
r, where aˆ
†
r =
aˆ†r(m = 0) is a reference operator and U(m = 0) = 1.
Thanks to this the state (45) can be put as
|φj(m)〉 =
d∑
s=1
U∗js(m)as
1√
Nˆ
Πˆ |ψ〉
=
∑
s
U∗js(m) |φs(0)〉 . (48)
9Therefore, (47) can be put as
〈Qˆk(m)〉 =
d∑
j,s,r=1
ωjk 〈φr(0)|Ujr(m)U∗js(m) |φs(0)〉 .
Let us introduce a matrix, denoted by M , whose elements
are Msr = 〈φr(0)|φs(0)〉. Then
d∑
r,s=1
〈φr(0)|Ujr(m)U∗js(m) |φs(0)〉 (49)
becomes
d∑
r,s=1
Ujr(m)MsrU
∗
js(m) =
[
U(m)MTU†(m)
]
jj
. (50)
Finally we arrive at
〈Qˆk(m)〉 =
∑
j
ωjk
[
U(m)MTU†(m)
]
jj
, (51)
where M is a (positive definite) Gramian matrix. Its
trace is given by TrM = 〈Πˆ〉 ≤ 1. We can normalize it
to get M = M/〈Πˆ〉, which is an admissible qudit density
matrix.
Let us now turn back to qudits, and analyze the struc-
ture an expectation of the unitary observable (40). First,
consider a pure state |ξ〉. The expectation value reads
〈ξ| qˆk(m) |ξ〉 =
∑
j,r,s
ωjkUjs(m)U
∗
jr(m)〈r|ξ〉〈ξ|s〉
=
∑
j,r,s
ωjkUjs(m)M
ξ
rsU
∗
jr(m)
=
∑
j
ωjk
[
U(m)MξTU†(m)
]
jj
, (52)
where we use |j(m)〉 = ∑r Ujr(m) |r〉 and introduce a
density matrix Mξ for the state |ξ〉 of elements Mξrs =
〈r|ξ〉〈ξ|s〉. If we replace |ξ〉 by a density matrix given by
% =
∑
λ pλ |ξλ〉 〈ξλ|, then the expectation (52) becomes
Tr %qˆk(m) =
∑
λ
pλ 〈ξλ| qˆk(m) |ξλ〉
=
∑
j
ωjk
[
U(m)M%TU†(m)
]
jj
, (53)
where matrix M% has elements given by M%rs =∑
λ pλ〈r|ξλ〉〈ξλ|s〉. Therefore, (43) holds. Obviously,
such reasoning can be generalized to the case of (mixed)
states describing correlated beams A and B, in the way
it is done in the main text.
For intensity-based observables, we have a similar re-
lation
〈ψ|χˆk(m)|ψ〉
〈ψ|Nˆ |ψ〉 = Tr qˆk(m)N, (54)
where N is a possible two-qudit density matrix. Note
that in general M 6= N.
IV. NOISE RESISTANCE OF
CAUCHY-SCHWARTZ-LIKE SEPARABILITY
CONDITION FOR BRIGHT SQUEEZED
VACUUM
Observables based on rates can in some cases allow
a more noise resistant entanglement detection than the
ones based directly on intensities.
Distortion noise.—We take as our working example a
d× d mode bright squeezed vacuum in the presence of a
specific type of noise, which can be treated as distortion
of the state, which lowers the correlations between the
beams.
A. 2× 2 mode bright squeezed vacuum plus noise
We build our noise model in following steps. Let us
introduce four squeezed vacuum states which are related
with the Bell state basis for two qubits. To make our
notation concise let us denote by k = 0 the polarization
H and by k = 1 polarization V , and let us define that
the index values follow modulo 2 algebra. Then one can
write down the following
|Ξ(m, l)〉 = 1
cosh2 Γ
∞∑
n=0
tanhn Γ
n!
(∑
k
(−1)kma†kb†k+l
)n
|Ω〉
(55)
and define squeezed vacua related with the Bell states as
|Ξ(0, 0)〉 = |Φ+〉, |Ξ(0, 1)〉 = |Ψ+〉, |Ξ(1, 0)〉 = |Φ−〉, and
|Ξ(1, 1)〉 = |Ψ−〉. This notation may look too dense here,
but it will help us further on. Our noise model, which is
an analog of the “white noise” in the case of two qubits,
can be defined as
%noise =
1
4
(
∣∣Ψ−〉〈Ψ−∣∣+∣∣Ψ+〉〈Ψ+∣∣+∣∣Φ−〉〈Φ−∣∣+∣∣Φ+〉〈Φ+∣∣).
(56)
The following properties of the noise are essential. For
each i and j,
Tr SˆAi Sˆ
B
j %
noise = 0. (57)
That is the noise itself such that it leads to vanishing
correlations between components of the Stokes parame-
ters. This is easy to see when one recalls the local uni-
tary transformations, say on side A, (replaced here by
mode transformations) which link the three other two-
qubit Bell states with the singlet. Simply they are equiv-
alent to pi rotations of Bloch sphere of side A with respect
to axes z, x, and y. The second property is〈
Ψ−
∣∣ΠˆAΠˆB∣∣Ψ−〉 = Tr ΠˆAΠˆB%noise. (58)
For normalized Stokes operators.—Let us start with
the analysis of noise in terms of the rate observables. Let
v be the visibility, which determines the following noisy
state:
%AB = v
∣∣Ψ−〉〈Ψ−∣∣+ (1− v)%noise, (59)
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where 0 ≤ v ≤ 1. We have to find the threshold v above
which our separability condition
∑3
i=1 |〈SˆAi SˆBi 〉|sep ≤
〈ΠˆAΠˆB〉sep fails to hold. It happens when
v
3∑
i=1
∣∣∣ 〈Ψ−∣∣SˆAi SˆBi ∣∣Ψ−〉∣∣∣ > 〈Ψ−∣∣ΠˆAΠˆB∣∣Ψ−〉 . (60)
This will be our measure of the resilience with respect to
the noise.
Applying the technical facts that for |Ψ−〉 one
has 〈Ψ−|SˆAi SˆBi |Ψ−〉 = −〈Ψ−|(SˆAi )2|Ψ−〉 and
〈Ψ−|ΠˆAΠˆB |Ψ−〉 = 〈Ψ−|ΠˆA|Ψ−〉, one gets
3∑
i=1
∣∣∣ 〈Ψ−∣∣SˆAi SˆBi ∣∣Ψ−〉∣∣∣ = 〈Ψ−∣∣ΠˆA + ΠˆA 2
NˆA
ΠˆA
∣∣Ψ−〉
and the condition for detection of entanglement reads
v
〈
Ψ−
∣∣ΠˆA + ΠˆA 2
NˆA
ΠˆA
∣∣Ψ−〉 > 〈Ψ−∣∣ΠˆA∣∣Ψ−〉 . (61)
The threshold visibility vcrit is given by
vcrit =
〈Ψ−|ΠˆA|Ψ−〉
〈Ψ−|ΠˆA + ΠˆA 2
NˆA
ΠˆA|Ψ−〉 . (62)
The respective terms of (62) are given by
〈
Ψ−
∣∣ΠˆA∣∣Ψ−〉 = 1− 1
cosh4 Γ
= 1− sech4 Γ (63)
that follows from the definition of 〈ΠˆA〉 and〈
Ψ−
∣∣ΠˆA 1
NˆA
ΠˆA
∣∣Ψ−〉
=
2 tanh2 Γ
cosh4 Γ
3F2(1, 1, 3; 2, 2; tanh
2 Γ), (64)
where 3F2(1, 1, 3; 2, 2; tanh
2 Γ) is generalized hypergeo-
metric function.
For standard Stokes operators.—Following the same
reasoning for observables based rates the threshold vis-
ibility voldcrit for observables based on intensities is given
by
voldcrit =
〈Ψ−|(NˆA)2|Ψ−〉
〈Ψ−|NˆA(NˆA + 2)|Ψ−〉 . (65)
We have 〈
Ψ−
∣∣NˆA∣∣Ψ−〉 = 2 sinh2 Γ (66)
and 〈
Ψ−
∣∣(NˆA)2∣∣Ψ−〉 = 2 tanh2 Γ
cosh4 Γ
2 tanh2 Γ + 1
(1− 2 tanh2 Γ)4
= sinh2 Γ(3 cosh 2Γ− 1). (67)
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FIG. 2. Comparison of critical visibilities to detect entangle-
ment via the Cauchy-like condition, for four-mode squeezed
vacuum
∣∣Ψ−〉 mixed with “white” noise in (56). The upper
curve is for standard Stokes parameters, and the lower for
normalized ones. The latter one turns out to lead to a higher
noise resistance. Note that the Cauchy-like condition is equiv-
alent in the case of
∣∣Ψ−〉, and the mixture of ∣∣Ψ−〉 with the
model noise, with the necessary and sufficient conditions to
detect entanglement via measurement of Stokes parameters.
Therefore, this graph shows the critical visibilities also for
this case. One cannot do better. Obviously the graphs for∣∣Ψ+〉, ∣∣Φ+〉 and ∣∣Φ−〉 are identical. The asymptotic limit
vcrit = 1/3, for Γ → 0, is concurrent with the white noise
threshold for a two-qubit singlet.
The form of (67) was obtained as follows. Let us put
x = tanh2 Γ, and c = cosh4 Γ. We have
〈(NˆA)2〉 = 1
c
∞∑
n=0
xn(n+ 1)n2 =
x
c
d2
dx2
( ∞∑
n=0
nxn+1
)
=
x
c
d2
dx2
(
x2
d
dx
∞∑
n=0
xn
)
=
x
c
d2
dx2
(
x2
d
dx
(
1
1− x
))
=
2x(2x+ 1)
c(1− x)4 . (68)
Thus, the threshold visibility in function of the amplifi-
cation gain voldcrit(Γ) for the “macroscopic singlet” |Ψ−〉
is
voldcrit(Γ) =
3 cosh 2Γ− 1
3 cosh 2Γ + 3
. (69)
We compare the critical visibilities obtained with the two
approaches (normalized vs. standard Stokes parameters)
in Fig. 2.
B. Unitary observables for d-mode
Multimode bright squeezed vacuum.—The bright
squeezed vacuum is a state of light of undefined pho-
ton number which has, due to entanglement, perfect
EPR correlations of numbers of photons between specific
modes reaching A and B. Such an entanglement can be
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observed in multimode parametric down-conversion emis-
sion. The interaction Hamiltonian of the process, for a
classical pump, is essentially Hˆ = iγ
∑d−1
j=0 aˆ
†
j bˆ
†
j + h.c.
where γ is the coupling constant proportional to a pump
power. Thus, d×d mode (bright) squeezed vacuum state
is given by
∣∣ΨdBSV 〉 = 1
coshd Γ
∞∑
n=0
√
(n+ d− 1)!
n!(d− 1)! tanh
n Γ |ψnd 〉 ,
(70)
where Γ = γt and t is the interaction time, and
|ψnd 〉 =
√
n!(d− 1)!
(n+ d− 1)!
1
n!
d−1∑
j=0
aˆ†j bˆ
†
j
n |Ω〉 . (71)
Noise model.— If we consider the unitary observables,
our noise model can look as follows: we build our noise
model in following similar steps as for the d = 2 case. Let
us now index k stand for local modes k = 0, 1, ..., d − 1
and we shall the modulo d algebra for it. Then one can
write down the following
∣∣Ξd(m, l)〉 = 1
coshd Γ
∞∑
n=0
tanhn Γ
n!
(∑
k
ωkma†kb
†
k+l
)n
|Ω〉
(72)
with m and l taking values 0, 1, ..., d−1. Note that these
squeezed d-mode vacua are analogs of the following Bell
basis for a pair of qudits: 1√
d
∑
k ω
km|k〉 ⊗ |k + l〉. Our
noise model is defined as
%noise =
1
d2
∑
m,l
∣∣Ξd(m, l)〉〈Ξd(m, l)∣∣ . (73)
The following properties of the noise are essential for
us. For each i and j
Tr QˆAi (m)Qˆ
B†
j (m
′)%noise = 0, (74)
and the second property is
Tr
(
ΠˆAΠˆB%noise
)
=
〈
ΨdBSV
∣∣ΠˆAΠˆB∣∣ΨdBSV 〉 . (75)
We have the same relation for observables based on in-
tensities.
Noise resistance.—Applying this model we get that
entanglement detection is possible with the Cauchy-like
condition for observables based on rates, in the case of∣∣ΨdBSV 〉 mixed with the noise, if the threshold visibility
vcrit fulfills
vcrit =
〈
ΨdBSV
∣∣ΠˆA∣∣ΨdBSV 〉〈
ΨdBSV
∣∣ΠˆA + ΠˆA d
NˆA
ΠˆA
∣∣ΨdBSV 〉 . (76)
In case of observables based on intensities, we get
voldcrit =
〈
ΨdBSV
∣∣(NˆA)2∣∣ΨdBSV 〉〈
ΨdBSV
∣∣NˆA(NˆA + d)∣∣ΨdBSV 〉 . (77)
1. 3× 3 mode bright squeezed vacuum
In case of observables based on rates, the respective
terms in (76) are as follows:〈
Ψ3BSV
∣∣ΠˆA 3
NˆA
ΠˆA
∣∣Ψ3BSV 〉
=
1
cosh6 Γ
9 tanh2 Γ3F2(1, 1, 4; 2, 2; tanh
2 Γ) (78)
and 〈
Ψ3BSV
∣∣ΠˆA∣∣Ψ3BSV 〉 = 1− sech6 Γ. (79)
For observables based on intensities in (77) we have〈
Ψ3BSV
∣∣NˆA∣∣Ψ3BSV 〉 = 3 sinh2 Γ (80)
and〈
Ψ3BSV
∣∣(NˆA)2∣∣Ψ3BSV 〉 = 1
cosh6 Γ
3 tanh2 Γ(3 tanh2 Γ + 1)
(1− tanh2 Γ)5
= 3 sinh2 Γ + 12 sinh4 Γ (81)
The first equality of (81) can be obtained as (here, x =
tanh2 Γ and c = cosh6 Γ):
〈(NˆA)2〉 = 1
c
∞∑
n=0
(n+ 1)(n+ 2)
2
n2xn
=
x
2c
d2
dx2
( ∞∑
n=0
n(n+ 2)xn+1
)
=
x
2c
d2
dx2
(
d
dx
( ∞∑
n=0
nxn+2
))
=
x
2c
d3
dx3
(
x3
d
dx
∞∑
n=0
xn
)
=
x
2c
d3
dx3
(
x3
d
dx
(
1
1− x
))
=
1
c
3x(3x+ 1)
(1− x)5 . (82)
The threshold visibility in function of the amplification
gain, vcrit(Γ), for the macroscopic singlet
∣∣Ψ3BSV 〉 is pre-
sented in Fig. 3.
V. DERIVATION OF SOME FORMULAS USED
IN SEC. IV, AND TO OBTAIN THE GENERAL
CAUCHY-LIKE SEPARABILITY CONDITION
A. Formula 1
We shall show the following:
d∑
m=0
d−1∑
k=1
|Qˆk(m)|2 = (d− 1)
(
Πˆ + Πˆ
d
Nˆ
Πˆ
)
. (83)
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FIG. 3. Noise resistance for
∣∣Ψ3BSV 〉. Note that for a very
weak pumping the visibility approaches 1/4.
Note that this is a generalization of the identity∑3
i=1 Sˆ
2
i = Πˆ + Πˆ
2
Nˆ
Πˆ.
The field operators involving the unbiased interferom-
eters, within the approach with rates (15) in the main
text can be put as
Qˆk(m) =
d∑
l,l′=1
 d∑
j=1
ωjkUjl′(m)U
∗
jl(m)
 Πˆa†l′al
Nˆ
Πˆ,
and the formula for Qˆ†k is the Hermitian conjugate of the
above. The following relations
d∑
j=1
Ujl′(m)U
∗
jl(m)ω
jk = [qˆk(m)]ll′ (84)
and
d∑
j=1
U∗jl′(m)Ujl(m)ω
−jk = [qˆ†k(m)]ll′ (85)
lead to
Qˆk(m) =
d∑
l,l′=1
[qˆk(m)]ll′Πˆ
a†l′al
Nˆ
Πˆ, (86)
where qˆk(m) are the qudit operators (40). Therefore, we
have
d∑
m=0
d−1∑
k=1
|Qˆk(m)|2 = Πˆ 1
Nˆ
d∑
ll′nn′=1
(
d∑
m=0
d−1∑
k=1
×[qˆk(m)]ll′ [qˆ†k(m)]nn′
)
a†l′ala
†
nan′
1
Nˆ
Πˆ. (87)
As the operators 1√
d
qˆk(m) and qˆ0(0) = 1 form an or-
thonormal basis in the Hilbert-Schmidt space of d × d
matrix, we have
δll′δnn′ +
d∑
m=0
d−1∑
k=1
[qˆk(m)]ll′ [qˆ
†
k(m)]nn′ = dδlnδl′n′ .
All that, and [ai, a
†
j ] = δij , allow one to perform the
following calculation:
d∑
m=0
d−1∑
k=1
|Qˆk(m)|2
= Πˆ
1
Nˆ
d∑
ll′nn′=1
[dδlnδl′n′ − δll′δnn′ ]a†l′ala†nan′
1
Nˆ
Πˆ
= Πˆ
1
Nˆ
[
−
∑
ln
a†l ala
†
nan + d
∑
ll′
a†l′ala
†
l al′
]
1
Nˆ
Πˆ
= Πˆ
1
Nˆ
[
−Nˆ2 + d
∑
ll′
a†l′al′(a
†
l al + 1)− d
∑
l
a†l al
]
1
Nˆ
Πˆ
= Π
1
Nˆ
[
−Nˆ2 + dNˆ2 + d2Nˆ − dNˆ
] 1
Nˆ
Πˆ
= Πˆ
[
(d− 1) + d(d− 1)
Nˆ
]
Πˆ. (88)
Thus, (83) holds.
An analogue relation for the observables involving in-
tensities, which reads
d∑
m=0
d−1∑
k=1
|χˆk(m)|2 = (d− 1)Nˆ(Nˆ + d), (89)
can be obtained by similar steps. It is a generalization of
(28).
B. Formula 2
We here calculate the expressions which enter of
Cauchy-Schwartz-like separability conditions based on
rates (14) and intensities (16) in the main text for a d×d
mode bright squeezed vacuum. Some of the formulas are
also used in the discussion of noise resistance.
Let us consider first the condition (16) in the main
text: its LHS and RHS read
LHS =
d∑
m=0
d−1∑
k=1
∣∣∣ 〈ΨdBSV ∣∣χˆAk (m)χˆB†k (m)∣∣ΨdBSV 〉∣∣∣ ,
RHS = (d− 1) 〈ΨdBSV ∣∣(NˆA)2∣∣ΨdBSV 〉 . (90)
To get the formula for RHS we used〈
ΨdBSV
∣∣NˆANˆB∣∣ΨdBSV 〉 = 〈ΨdBSV ∣∣(NˆA)2∣∣ΨdBSV 〉 .
(91)
The action of χˆBk (m = 0) on an unnormalized |ψnd 〉 of
(71), which we put as |φn〉 =
(∑d
j=1 aˆ
†
j bˆ
†
j
)n
|Ω〉, is as
follows
χˆBk
 d∑
j=1
aˆ†j bˆ
†
j
n |Ω〉 =
 d∑
j=1
ωjk bˆ†j bˆj
 d∑
j=1
aˆ†j bˆ
†
j
n |Ω〉 .
(92)
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Let us denote as Xˆ ≡ χˆBk =
∑d
j=1 ω
jk bˆ†j bˆj and Yˆ ≡∑d
j=1 aˆ
†
j bˆ
†
j . Then, we have
[Xˆ, Yˆ ] =
 d∑
j=1
ωjk bˆ†j bˆj ,
d∑
j=1
aˆ†j bˆ
†
j
 = d∑
j=1
ωjkaˆ†j bˆ
†
j . (93)
Next, we use the algebraic fact that if [[Xˆ, Yˆ ], Yˆ ] = 0,
then the following holds [Xˆ, Yˆ n] = n[Xˆ, Yˆ ]Yˆ n−1 and
XˆYˆ n = Yˆ nXˆ + n[Xˆ, Yˆ ]Yˆ n−1. Applying this relation
to (92) we get
χˆBk
 d∑
j=1
aˆ†j bˆ
†
j
n |Ω〉 =
n
 d∑
j=1
ωjkaˆ†j bˆ
†
j
 d∑
j=1
aˆ†j bˆ
†
j
n−1 |Ω〉 , (94)
where we use
∑d
j=1 ω
jk bˆ†j bˆj |Ω〉 = 0. We have the same
relation if we replace χˆBk by χˆ
A
k in (94), i.e.,
χˆAk
 d∑
j=1
aˆ†j bˆ
†
j
n |Ω〉 = χˆBk
 d∑
j=1
aˆ†j bˆ
†
j
n |Ω〉 . (95)
The identity (95) holds for all m = 0, 1, . . . , d. In the
case of m 6= 0 the formulas look the same if one employs
creation and annihilation operators related with the in-
terferometers U(m) for A and U†(m) for B, and the fact
that
∑d
j=1 aˆ
†
j bˆ
†
j =
∑d
j=1 aˆ
†
j(m)bˆ
†
j(m), which is at the root
of EPR correlations of the state. All that, and the iden-
tity (89), lead to
LHS =
d∑
m=0
d−1∑
k=1
〈
ΨdBSV
∣∣|χˆAk (m)|2∣∣ΨdBSV 〉
= (d− 1) 〈ΨdBSV ∣∣NˆA(NˆA + d)∣∣ΨdBSV 〉 . (96)
Thus, we get〈
ΨdBSV
∣∣NˆA(NˆA + d)∣∣ΨdBSV 〉 > 〈ΨdBSV ∣∣(NˆA)2∣∣ΨdBSV 〉 ,
(97)
for every Γ.
A reasoning following similar steps leads to a violation
of the Cauchy-Schwartz-like separability condition (14)
in the main text for observables involving rates, as for
the bright squeezed vacuum we have in this case:
〈
ΨdBSV
∣∣(ΠˆA + ΠˆA d
NˆA
ΠˆA)
∣∣ΨdBSV 〉 > 〈ΨdBSV ∣∣ΠˆA∣∣ΨdBSV 〉 ,
(98)
where ΠˆA = (ΠˆA)2 was used.
C. Property (74) of the noise model
The essential property of our noise is that for each i
and j we get
Tr χˆAi (m)χˆj
B†(m′)%noise = 0, (99)
and we have the same relation for observables based on
rates. We shall prove (99) for d > 2. For simplicity we
will use the intensity approach. The proof for the rate
observables is similar.
For an arbitrary d all Bell-like maximally entangled
states
∣∣Ξd(k, l)〉 are linked by a unitary transformation
that acts on one subsystem. The transformation is as
follows:
Uˆ†(k, l)bˆ†nUˆ(k, l) =
d−1∑
i=0
U(k, l)nibˆ
†
i = ω
nk bˆ†n+l, (100)
where bˆ†n stands for k = 0 and l = 0. Respectively,
for annihilation operators we have: Uˆ†(k, l)bˆnUˆ(k, l) =∑d−1
i=0 U¯(k, l)nibˆi = ω
−nk bˆn+l. Using transformation
(100) we can present any
∣∣Ξd(k, l)〉 as follows:∣∣Ξd(k, l)〉
=
1
coshd Γ
∞∑
n=0
tanhn Γ
n!
(∑
m
a†mUˆ†(k, l)b†mUˆ(k, l)
)n
|Ω〉
= Uˆ†(k, l)|ΨdBSV 〉. (101)
Because this transformation is unitary we can replace the
action of (100) on the state by its action on the observ-
ables. Thus, in order to prove (99) we shall show that
for any i, j 6= 0
〈ΨdBSV |
d−1∑
k,l=0
χˆAi (m)Uˆ(k, l)χˆB†j (m′)Uˆ†(k, l)|ΨdBSV 〉 = 0.
(102)
It turns out that the above holds because of the following
operator identity
d−1∑
k,l=0
Uˆ(k, l)χˆB†j (m′)Uˆ†(k, l) = 0. (103)
The reverse of transformation (100) can be expressed
in the following way:
Uˆ(k, l)bˆ†nUˆ†(k, l) =
d−1∑
i=0
U−1(k, l)nibˆ
†
i = ω
−nk bˆ†n−l.
(104)
Note that U−1 can be decomposed as follows U−1 =
ZkX l, where (Zk)rn = δrnω
−nk, (X l)ni = δ(n−l)i. Using
14
the notation introduced above we get
Uˆ(k, l)χˆB†j Uˆ†(k, l)
= Uˆ(k, l)
d−1∑
r=0
ω−rj bˆ†r(m
′)bˆr(m′)Uˆ†(k, l)
=
d−1∑
r=0
ωrj
d−1∑
s=0
Urs(m
′)
d−1∑
t=0
(ZkX l)stbˆ
†
t
×
d−1∑
s′=0
U∗rs′(m
′)
d−1∑
t′=0
(ZkX l)∗s′t′ bˆt′ . (105)
We have
d−1∑
k,l=0
(ZkX l)st(Z¯
kX l)s′t′
=
d−1∑
k,l=0
ω−skδ(s−l)tωs
′kδ(s′−l)t′
=
d−1∑
l=0
δ(s−l)tδ(s′−l)t′
d−1∑
k=0
ω−k(s−s
′)
= δs,s′δt,t′ . (106)
Combining (105) and (106) we get
d−1∑
k,l=0
Uˆ(k, l)χˆB†j Uˆ†(k, l)
=
d−1∑
r=0
ω−rj
d−1∑
s,t=0
Urs(m
′)U∗rs(m
′)bˆ†t bˆt
=
d−1∑
r=0
ω−rjNˆB = 0. (107)
Thus the identity (103) holds.
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